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Abstract
This paper presents a Cartesian-space position/force controller for redundant robots. The proposed control structure
artitions the control problem into a nonredundant position/force trajectory tracki'ng problem and a redundant m?pp_ng
Problem between Cartesian control input F E R TM and robot actuator torque ']'E 1_" (for redundant rovoes, m._ n). In.e
underdetermined nature of the F _ T map is exploited so that the robot redundancy is utilized to improve the clynarmc
response of the robot. This dynamically optimal F --* T map isimplemented locally (in time) so that it is computationally
efficientfor on-line control; however, it is shown that the map possesses globally optimal characteristics. Additionally, it is
demonstrated that the dynamically optimal F -+ T map can be modified so that the robot redundancy isused to simultaneously
improve the dynamic response and realize any specified kinematic performance objective (e.g., manipulabihty maximization
or obstacle avoidance). Computer simulation results are given for a four degree of freedom planar redundant robot under
Cartesian control, and demonstrate that position/fqwce trajectory tracking and effective redundancy utilization can be achieved
simultaneously with the proposed controller.
1. INTRODUCTION
It is predicted that in the near future robot mardpulators will be required to perform complex tasks that demand great
dexterity and versatility in both position control and force control applications. Such tasks will require performance superior
to that obtainable with conventional six degree of freedom (DOF) robots under the control of joint-space position servo loops.
This fact has motivated increased research activity in the area of redundant robot manipulators. Redundant robots possesses
more DOF than are necessary to achieve the desired position and orientation of the end-effector, and it is expected that the
"extra" degrees of freedom can be used to improve the robot's performance.
Most of the research on the control of redundant robots reported to date has focused on the inverse kinematics problem,
which involves the calculation of the joint-space trajectory that provides the desired end-effector motion and in addition
satisfies some side criterion. The majority of this work has involved using redundancy to realize some kinematic performance
objective. A partial list of kinematic performance criteria that have been studied includes singularity avoidance [1,2], obstacle
avoidance [3,4], joint limit avoidance [5,6], repetitive motion conservation [6,7], and achievable accuracy [8]. Research in which
manipulator redundancy is utilized to achieve a dynamic performance objective has been more limited, and includes studies
of minimizing joint torque requirements [9,10], minimizing manipulator energy consumption [11,12], and increasing the robot's
dynamic response [13,14].
It has only been very recently that researchers have considered the complete redundant robot control problem [14-19].
The controllers described in [14-16] are model-based control schemes which require complete knowledge and calculation of the
complex robot dynamic model. In addition, each of these control algorithnm requires either explicit or implicit calculation of the
inverse kinematics of the robot. Alternatively, the control strategy presented in [17-19] is an adaptive Cartesian-space control
algorithm which does not require calculation of either the robot dynamic model or the inverse kinematics, and which has been
shown through simulations and experiments to perform well. However, this controller has thusfar been applied only to control
problems in which the redundancy is utilized to realize kinematic performance objectives.
This paper presents an adaptive Cartesian position/force controller for redundant robots. _Ihe proposed control strategy is
to partition the control problem into a nonredundant trajectory tracking problem and a redundant mapping problem between
Cartesian control input F E R m and robot actuator torque T E R n (for redundant robots, m < n). The underdetermined
nature of the F --+ T map is exploited to allow the redundancy to be effectively utilized directly in Cartesian-space. Computer
simulation results are given for a four DOF planar redundant robot under the control of the proposed algorithm, and demonstrate
that accurate position/force trajectory tracking and effective utilization of redundancy can be achieved simultaneously with the
controller.
The paper is organized as follows. In Section 2, the redundant robot position/force control problem is formulated in the
partitioned form indicated above. The F _ T map which uses the robot redundancy to increase the robot's dynamic response
is constructed in Section 3. This dynamically optimal F --_ T map is modified in Section 4 so that the robot redundancy
can be used to simultaneously improve the dynamic response and realize any specified kinematic performance objective. The
performance of the controller is illustrated in Section 5 through a computer simulation study. Section 6 summarizes the paper
and draws some conclusions.
2. PROBLEM FORMULATION
2.1 Basic Theory
Consider an n DOF robot manipulator perft, rmlng tasks in an m-dimensional Cartesian-space (with m < n). These
tasks will, in general, involve motion of the robot end-effector in certain directions and exertion of force by the end-effector on
the environment in the remaining directions. The particular directions of motion and force exertion depend on the nature of
the task. Consider now a task-related "constraint frame" which is defined by the particular end-effector/environment contact
situation [20]. In the constraint frame, the m-dimensional Cartesian-space can be decomposed into an/-dimensional "position
49
https://ntrs.nasa.gov/search.jsp?R=19900019688 2020-03-19T21:48:15+00:00Z
subspace" and a j-dimensional "force subspace", where ! + j : rn and where the position subspace and force subspace are
orthogonal. The position subspace contains the I directions in which the robot end-effector is free to move and along which
the end-effector position is to be controlled, while the force subspace contains the j directions in which the robot end-effector
is constrained by the environment and along which the contact force is to be controlled. For convenience it will be assumed in
the following that all quantities are expressed in terms of the constraint frame unless otherwise noted.
Let y E R m define the position (and orientation) of the end-effector in Cartesian-space and _ E R n be the vector of joint
coordinates. The relationship between end-effector position y and joint-space position _ is
: f(o) (1)
= J(0)0 (2)
where.t":R" _ R _ repre_ntstheforward_nematicsoftherobotand J = O.f/00 E R '_x_ istheend-e_TectorJacobian
matrix. It may be assumed without loss of generality that the elements of b' are ordered such that y _- Ix T I zT] T, where
x E R I and z E R j are the end-effector position (and orientation) vectors in the position subspace and force subspace,
respectively. Given this partitioning for y, the following partitioning for J may be defined:
LJ:(o)J
where Jp E R Ix n and ,7] E R j x n are termed the "position subspace Jacobian" and "force subspace Jacobian', respectively.
The dynamic model of the robot with its end-effector in contact with the environment may be written in joint-space as [e.g.,21]
T = H(8)8 + Vc¢(O, _) + VI(O , 0) + G(O) + J_(O)P (3a)
where T E R n is the vector of actuator torques and/or forces, H E R nxn is the robot inertia matrix, P E R j is the
end-effector/environment contact force and/or moment, and Vce , Vf, G E R n represent the torque vectors due to Corlolis
and centripedal acceleration, friction, and gravity, respectively. Alternatively, the robot dynamic model can be expressed in
Cartesian-space as [e.g., 16]
F = (JH-1jT)-I[_- jS] 4- (JH-1jT)-IJH-I[Vcc 4- V! 4-6] 4- P* (3b)
where F E _ is the generalized force vector corresponding to the generalized coordinate _/, and P* [ 0 T [ pT ]T Rr n
with the zero denoting an/-dimensional zero vector. ---- E
The general Cartesia_a-space position/force control problem for the redundant robot described in (1)-(3) may be considered
to consist of two steps:
1.) Cartesian position/force trajectory tracking:
compute the Cartesian control input F -_-- [ F T I F T IT E R m required to track the desired m-dimensional
position/force trajectory, where Fp E R I is the position control input that tracks the desired end-effector position
trajectory z d E R I and ]7] E R j is the force control input that tracks the desired end-effector/environment
contact force trajectory Pd E R j
2.) F --* T mapping:
compute the joint torque vector T E R n required to realize F while simultaneously accomplishing some desired
kinematic and/or dynamic performance objective.
Eac_ of the steps will now be considered individually.
2.2 Cartesian Position/Force Trajectory Tracking
Observe that the Cartesian posltion/force trajectory tracking problem is nonredundant since Fp and Zd are both of
dimension I and F Z and Pd are both of dimension j. Thus many different control strategies could be improvised to compute
the control input/'" that would ensure that the dynamics (3b) tracks the desired end-effector position/force trajectory. Here
the adaptive Carteslan-space position/force controller recently developed by Seraji [22] for nonredundant robots will be adopted
to accomplish this trajectory tracking. This control scheme was derived from an improved Model Reference Adaptive Control
(MRAC) method, and requires no knowledge of the robot dynamic model or parameter values for the robot, the payload, or
the environment. As a result, the controller is robust to both model and parameter uncertainties, and is computationally fast
for on-line control applications with modest computing power.
The control algorithm computes the position control input Fp as follows:
Fp -- dp(t) + Kpv(t)E p 4- K_p(t)E,_ + C(t)zd 4- B(t)Zd 4- A(t)xd (4)
where Ep "- z d - z is the position tracking error, and dp E R I and Kpp, Kvp, C, B, A E R txt are controller gains which
are updated adaptively. The adaptation laws for these gains are provided in [22] and are not repeated here. Note that the
control input Fp is computed entirely based on the observed performance of the manipulator.
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The control scheme computes the force control input F] using the following algorithm:
F! = dI(t) + KI(t) Eldt + K,I(t)E f - Kvy(t)S + Pd (5)
where E / = Pd -- P is the force tracking error, and d / 6_ R j and K I , Kp / , Kv ] 6_ R j ×j are controller gains which are
updated adaptively. Again, the adaptation laws for these gains are provided in [22] and are not repeated here. Note that the
control input r/ is computed entirely based on the observed performance of the robot.
Finally, the position control input rp computed in (4) and the force control input El computed in (5) are combined to
form the Cartesian control input F:
F=[F T I Ff]T (6)
2.3 Redundancy Resolution Through Construction of F -_ T Map
Observe that the control input r cannot physically be applied to the robot end-effector; therefore this desired control
input must be mapped to an actuator torque vector T. The F --* T mapping problem is tmderdetermlned since F 6_ R m and
T 6_ R n with m <_ r_, so that it is at this stage of the control problem that the robot redtmdancy may be utilized to improve
the robot's performance.
The problem of constructing an appropriate r --, T map may be formulated in terms of inverting the known T --+ F
map, which is unique even for redundant robots. The T --_ F map may be shown to be [13,16]
r = (jH-1jT)-IjH -1T =- M(O)T (7)
where it is easily verified that M 6_ R m×n • Inversion of the T ---* F map (7) may be achieved in two ways:
1.) "direct" inversion of (7) using the theory of generalized inverses [23]
2.) "indirect" inversion of (7) by first augmenting both M and F with r = n -- _ additional rows and then inverting
the resulting fully determined system by standard methods
Each of these approaches is now briefly summarized. Additional details concerning each inversion method are provided in
Sections 3 and 4 of this paper, and also in [13,24].
The direct approach to inverting (7) has proven useful for realizing dynamic performance objectives, primarily because
inverting (7) using generalized inverse theory readily permits optimization of objective functions involving joint torque T and
joint accelerations 0. For example, the F --* T map which minimizes the norm of the joint torque vector I[Tl[ = (T T T) 1/2,
subject to the constraint (7), may be easily derived using generalized inverses:
T = H-IJT(JH-2JT)-tjH-1jTF (8)
The indirect approach to inverting (7) has been utilized principally for realizing kinematic performance objectives. While the
idea of augmenting M and f with r additional rows to obtain a fully determined system is conceptually simple, selecting these
additional rows in such a way that some desired performance objective is realized is more difficult. The process of augmenting
M in an appropriate manner can be simplified somewhat by choosing to augment J instead. Let Ja -- [jT [ jTe]T 6_ Rnxn
be the matrix that results from augmenting J with Jc C= R rxn . Then, provided Ja is nonsingudar, replacing J with Ja in (7)
allows this T ---+ F map to be inverted by standard methods, yielding
T = jTF + jTF_ (9)
where Re 6_ R r is an appropriately chosen vector used to augment F. One method of specifying the terms J_ and Fe in (9)
has been derived by Seraji [17], and is summarized in Section 4 of this paper.
3. OPTIMIZATION OF THE DYNAMIC RESPONSE OF THE ROBOT
One of the advantages of a redundant robot is the potential to use the "extra" DOF to improve the robot's dynamic
response [13,14,25]. One approach to achieving this improved performance is to devise a strategy for allocating motion among
the robot joints in such a way that the desired end-effector motion is tracked with minimum actuator torque. This strategy
will increase the bandwidth of the robot for a given set of actuator torque limits, which in turn will lead to improved tracking
of both position and force trajectories [26].
Local minimization of the (norm of the) joint torque vector required to provide the desired Cartesian control input F is
achieved in Section 2.3 using the direct approach to inverting the T --+ F map (7), and the result is given in (8). However, it
has been found in previous investigations that local (in time) minimization of joint torques often leads to trajectories that are
globally unstable [9,27]; thus implementation of the F --+ T map (8) may be undesirable.
An alternative approach to reducing joint torque requirements is to consider the following constrained optimization problem:
minimize _0 `! _0TH0dt subject to the constraint y = f(O) (10)
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where t/ is the trajectory completion time. Note that (10) is a global optimization problem, and therefore its solution should
possess the desirable characteristics of a globally optimal solution, such as trajectory stability. Note also that minimizing total
robot kinetic energy integrated over the entire trajectory, subject to the constraint of desired end-effector motion, should lead
to a uniform reduction in joint torques and a corresponding uniform increase in dynamic response. The optimization problem
(10) may be analyzed using the calculus of variations [28]. First, the intermediate function L(O_ _, )t) E R is constructed:
L = 20THO + Ar(t)[y -- f(0)] (11)
where _ E R m is the Lagrange multiplier vector. The necessary conditions on (11) for optimality of (10) are
OL OL d OL
-- = 0 - 0 (12)0h ' 0e dt 00
Substituting (11) into the necessary conditions (12) yields, after some simplification,
-- JO-- J_ = O , HO + _I_ - jT A _ I o(_T H_)/O0 = O (13)
The equations (13) may be solved for 0 [13]:
= H-IJT(JH-1JT)-I[Y - JO] - [In - H-1JT(JH-1JT)-IJ]H-1Vcc (14)
where 1 n E R nxn is the identity matrix. Note that the solution (14) to the problem (10) has been obtained, independently,
by Kazerounian and Wang [29].
Expressing the necessary condition for optimizing (10) as an F _ T map may be achieved by substituting the joint-space
dynamic model (3a) and the Cartesian-space dynamic model (3b) into the necessary condition (14), and simplifying the result:
T = jTF-t- [In - JT(jH-1JT)-IJH-1](V! ÷ G) (15)
A close approximation to the global minimum kinetic energy f --_ T map (15) may be obtained as follows. Observe that
the operator [In -- JT(JH-1jT)-1JH-1] projects the vector V/+ G into the null-space of JH-1 (this may be verified
by pre-multiplying the projection [In -- JT(JH-1JT_-IJH-1](V_ + G_ b- JH -1 and ................
_ p • • -- • - / J_, ,/ ] .1' xlul, lxl_ 1,nat the result IS _ne zero
vector). Jm lact, it is shown m [24] that this operator projects the vector V l _ G onto only a portion of the null-space of
JH-1, and that typically the resulting projection is small compared to the term ,]TF. These results imply that the F ---+ _r'
map
T = jTF (16)
is a close approximation to the global minimum kinetic energy F _ T map. Note that the map (16) is computationally
efficient and requires no knowledge of the robot dynmlaic model.
In summary, it is hypothesized that utilizing the robot redundancy to construct the f _ T map which minimizes robot
kinetic energy integrated over the trajectory, subject to the constraint of desired end-effector motion, will lead to a uniform
reduction in joint torques and a corresponding uniform increase in dynamic response. Moreover, the resulting robot trajectory
should be stable because of the globally optimal nature of this F --* T map. In view of the fact that the r --_ T map (16) is
a close approximation to the minimum kinetic energy map (15), and possesses the desirable features of computational efficiency
and robustness to dynamic model uncertainty, it is proposed that the map (16) be employed in the control algorithm. The
performance of the control scheme (4)-(6) together with the r _ T map (16) is examined through computer simulation in
Section 5.
4. CONSIDERATION OF KINEMATIC PERFORMANCE OBSECTIVES
In this Section, the control algorithm (4)-(6),(16) is modified so that the robot redundancy is used to simultaneously
improve the robot's dynamic response and realize any specified kinematic performance objective.
It is shown in [18] that a redundant robot may be controlled to track a desired end-effector position/force trajectory and
simultaneously satisfy an r-dimensional kinematic constraint of the form
¢(t) - g(0) (17)
where g : R n _ R r and _b E: R r defines the evolution of g. The control algorithm developed to achieve this desired
performance computes the Cartesian control input F using (4)-(6), and then maps this control input to the robot actuator
torque T as follows"
T = JTF + p(i)g/oo)rFc (18)
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where 0g/00 E R r×n is the constraint Jacobian, p E R + was implicitly defined 7t_O I_ i in [18], sand re E R r is the
constraint control input required to track the desired evolution of (17), denoted as if)d[ ). The constraint control input Re is
computed as
Fe = dr(t) + K_p(t)Ee + Kup(t)F,¢ + C(t)¢d + B(t)(bd + A(t)_bd (19)
where Ee : _d -- _b is the constraint tracking error, and the adaptive gains dp _. R e and Kvv, Kvv, C, B, A 6 R "xr are
updated based on the constraint tracking error Ec.
Observe that setting p : 0 in (18) reduces that map to the (approximate) minimum kinetic energy F ---* T map (16),
while setting p : 1 in (18) causes the robot redundancy to be used to closely track the kinematic constraint (17). Thus the
map (18) may be viewed as a modification of the map (16) to include the potential to satisfy kinematic constraints, and the
parameter p n_y be used to specify the relative importance of dynvanic response and constraint tracking accuracy. In typical
applications (e.g., obstacle avoidance, joint limit avoidance), the constraint (17) need not be tracked with the same accuracy
as the end-effector task. Then p can be chosen small, and adequate constraint tracking and improved dynamic response can
be achieved simultaneously. The selection of an appropriate value for p and the effect of this choice on the performance of the
robot is quantified through example in Section 5.
The control algorithm (4)-(6), (17)-(19) provides a method for controlling a redundant robot so that end-effector posl-
tion/force trajectory tracking and general kinematic constraint satisfaction are achieved simultaneously. This control scheme
can be extended to include utilizing the redundancy to optimize general kinematic performance objectives. Let the general
kinematic performance optimization problem be formulated as
maximize G(O) subject to the constraint y : y(0) (20)
where G : R n "-+ R may be constructed to represent a measure of any desired kinematic performance objective. The solution
to (20) can be obtained using Lagrange multipliers. Let the augmented scalar objective function G*(O, )_) be defined as
G'(O, A) = G(O) + AT[y -- f(0)] (21)
where )t E R m is the vector of Lagrange multipliers. The necessary conditions for optimality of (20) may be written using
(21):
oc'/o = o v = f(o)
cgG* /O0 = 0 ==_ OG/tgO = JT A (22)
From (22), it is seen that a necessary condition for optimality of (20) is that OG/O0 (3. R(JT). This requirement may be
written concisely as AOG/O0 = 0 (23)
where A E R rxn is any matrix whose rows form a basis for the null-space of J. This result is a direct consequence of the fact
that the row-space and the null-space of any matrix are orthogonal complements. Note that (23) can alternatively be obtained
using gradient projection optimization theory [30], and that this approach was first proposed for redundancy resolution by
Baillieul in his "extended Jacobian" method [4]. When --G(0) is convex, the condition (23) is both necessary and sufficient to
solve (20). This is of interest because in robotics applications it is usually possible to construct G(O) so that -G(O) is convex.
Observe that the optimality condition (23) is an r-dimensional kinematic equality constraint of the form (17) with g :
AOG/00 and _bd(t ) = 0. Therefore the control law (4)-(6), (17)-(19) can be used for simultaneous end-effector trajectory
tracking and optimization of any desired kinematic objective function G(O). Indeed, assuming that G(O) is defined (and
differentiable), specification of the kinematic equality constraint that is to be tracked to achieve this optimization requires only
that an appropriate A matrix be constructed and that the calculations specified in (23) be performed. The matrix A may be
constructed in several ways; one formulation for A is [13]
A=[_jT(j11)r I ir] (24)
where Jl E R "_xm and J2 E R "_xr are the partitions of J defined by J = [J1 ] J2]. The validity of the construction
(24) for A may be verified by observing that AJ T : 0 and that the row rank of A is r for all 0 due to the presence of the Ir
partition in (24).
Summarizing, the control algorithm (4)-(6), (17)-(19) can be extended to include utilizing the redundancy to solve the
kinelrmtic performance optimization problem (20) by setting g = AcgG/c90 and Cd = O, where A E R rx" is given in (24}.
The comments made previously concerning the role of the parameter p in the control law apply here as well, of course. The
use of the control algorithm (4)-(6), (17)-(19) for the case in which the kinematic performance objective is the optimization of
a kinematic objective function is illustrated in Section 5.
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5. SIMULATION RESULTS
5.1 Overview of Computer Simulation Study
The Carteslan-space position/force control scheme for redundant robots given in (4)-(6), (17)-(19) is now applied to a
dlrect-drive four-link planar robot in two computer simulation examples. The results presented here are samples selected from
a comprehensive computer simulation study which was carried out to test the performance of the proposed controller. Note
that the results given here are selected because they are typical of the larger study, and not because they represent the best
performance obtainable with the proposed control law.
Consider the four-link robot in a horizontal plane shown in Figure 1. The robot parameters are link lengths [1 = [2 =
/3 _ 14 -_ 1.0 m, link masses m I -- rn 2 __: rB 3 = m4 = 10.0 kg, and joint viscous friction coefficients Cl ---: c2 = c 3 =
c4 "- 40.0 Nt.m-sec; the link inertias are modeled by thin uniform rods. The frictionless reaction surface is located parallel to
the x-axls at Z _ 0.0 and has a stiffness of 104Nt/m. Note that in this example the base frame is chosen as the constraint
frame, so that the position subspace and the force subspace are each of dimension one and correspond to the x and Z axes,
respectively. The robot dynamic model which relates joint torques T E R 4 and joint angles _ E R 4 is given by
T = H(O)O + Vc_(O, 0) + VI(O ) + JTP (25)
In the dynamic model (25) the numerical values for the inertia matrix H E R 4×4, Coriolis and centrifugal torque vector
Vet E R 4 and viscous friction torque vector V'/ E R 4 may be found in [19]. Note that the gravity vector is orthogonal to the
plane of motion of the robot, so that no gravity torques appear in (25). It must be emphasized that the dynamic model (25) is
used only to simulate the robot behavior and is not used in the control law formulation.
In the simulation study, the performance of the control scheme (4)-(6), (17)-(19) is evaluated through comparison with a
commonly proposed approach to redundancy resolution, the inertia-weighted pseudoinverse approach [9]. Specifically, the
performance of the proposed controller is compared with the performance of a controller which resolves the robot redundancy
as follows:
= H-1jT(JH-1jT)-I[_)- J_] (26)
To allow a meaningful comparison to be made between the control law (4)-(6), (17)-(19) and the redundancy resolution scheme
(26), the inverse kinematics algorithm (26) must be implemented as an equivalent F _ T map. This equivalent F _ T map
may be derived using the same approach taken when rewriting the inverse kinematics algorithm (14) as the equivalent F --* T
map (15), and yields the following result:
T --- JTF -'t- [In -- JT(JH-1jT)-IjH-1](Vc_ + V/) (27)
The F _ T map (27) may be combined with the control scheme (4)-(6) to yield a pseudoinver_-baaeclposition/force controller;
this controller resolves the robot redundancy exactly as prescribed in the inverse kinematics algorithm (26). Note that in deriving
the F ---* T map (2D it is implicitly assumed that G -- 0, since this is the case in the simulation study.
We now turn to the discussion of two computer simulation examples. Throughout this discussion, the control law (4)-(6),
(17)-(19) will be referred to as the proposed controller while the control scheme given by (4)-(6) together with the F ---* T
map (27) will be ca_ed the weighted pseudoinverse (WP) controller. Additionally, in these simulations, the unit of length
is meter, the unit of angle is radian, the unit of force is Newton, and the unit of time is second.
5.2 Simulation 1
The task requirements for this dmulation are to have the robot end-effector track a straight-line position/constant force
trajectory while utilizing the redundancy to improve the dynamic response of the robot. The desired end-effector position
trajectory is ;Vd(t ) = 2.0 -_- Ao - Aocoswt, for t C [0, :r/w] and for different values of the trajectory parameters Ao and w.
The desired end-effector/environment contact force is Pd(]_) = 10.0, for t C [0, _'/W]. The initial configuration of the robot
is 0(0) = [ _r/3 - 2=/3 2n/3 - 2_r/3 iT and the robot is initially at rest.
The proposed controller and the WP controller each accomplishes the required position/force trajectory tracking by em-
ploying the Cartesian control algorithm (4)-(6). The desired position trajectory is tracked using a scalar version of the position
control algorithm (4), and the desired force trajectory is tracked using a scalar version of the force controller (5). The position
control input Fp and force control input Ff are combined to form F as prescribed in (6).
Redundancy resolution is achieved when mapping the Cartesian control input F (computed in (4)-(6)) to joint actuator
torque T. The map used in the proposed controller for increasing the robot's dynamic response in a stable manner is given
in (18) with p -: 0. The F --, T map used by the WP controller is given in (27). The algorithm (4)-(6) together with the
appropriate F _ T map is applied to the dynamic model (25) through computer simulation on a SUN 3/50 computer with a
sampling period of one millisecond.
In the first simulation, the end-effector trajectory parameters are assigned the values Ao = 0.5 and w ----- 0.25. The results
of the simulation are shown in Figures 2a_2c, and indicate that both controllers perform well. This is as expected, because the
required end-effector motion is slow and of moderate length.
In the next simulation, the end-effector trajectory is made both longer and faster by choosing trajectory parameter values
of Ao --: 0.8 and w = 1.25. The results of the simulation are given in Figures 2d and 2e, and show that the WP controller
requires much larger torques than the proposed controller, and yet achieves poorer tracking accuracy.
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5.3 Simulation 2
This simulation illustrates the proposed controller's capability to use the robot redundancy to improve dynamic response
and achieve a desired kinematic performance objective sinmltaneoualy. The desired end-effector position/force trajectory to be
tracked in this simulation is quantified by Zd(t) = V/3 + 0.8 -- O.8cos1.25t and Pd(t) ---- 10.0, for t C [0, 4_r/5]. The
kinematic performance objective to be achieved simultaneously with improved dynamic response is the maximization of the
"manipulability measure" w : R n --_ R + , defined by YoshikAwa as follows [1]:
w(O) = (det[j jT]) 1/2 (28)
Briefly, it has been proposed by Yoshikawa [1] and others that utilizing robot redundancy to maximize maaipulability may be
an effective means of increasing robot dexterity and avoiding kinematic singularities.
The proposed controller and the WP controller each accomplishes the required position/force trajectory tracking by em-
ploying the Cartesian control algorithm (4)-(6), as described in Section 5.2 for Simulation 1. Redundancy resolution is achieved
in these controllers when mapping the Caxtesian control input F to joint torque T. The map used in the proposed controller
for increasing dynamic response and manipulability simultaneously is given in (17)-(19) with g "- A_)w/O0 and _bd(t) = 0,
where the matrix A is constructed as in (24). The parameter p, which specifies the relative importance of increasing dynamic
response and increasing manipulability, is chosen (heuristically) as p ---- 0.1. A measure of how effectively this proposed
controller increases dynamic response is obtained through comparison with the WP controller, which maps control input F
computed in (4)-(6) to joint torque T using (27). The effectiveness of the proposed controller at increasing manipulability is
evaluated by comparing the evolution of tO(O) over the trajectory to the maximum possible values for W given the end-effector
trajectory specified in this simulation.
In the sinmlation, the algorithm (4)-(6) together with the appropriate F --* T map is applied to the robot dynamic model
(25) through computer simulation on a SUN 3/50 computer with a sampling period of one millisecond. It can be shown that
in order to maximize manipulability by traf_king the optimality condition ZOw/00 -" O, it is necessary that the initial robot
configuration be the maximum mauipulability configuration corresponding to the initial end-effector position [24]. One method
of obtaining the optimal initial configuration 0" (0) is to integrate the differential equation
= [I -- JT(jjT)-IJ]Ow/00 (29)
until it reaches equilibrium. The starting point for the integration may be any configuration 0 which places the end-effector in
the desired initial position, and the equilibrium configuration of (29) is the optimal configuration 0*. Using this algorithm, the
optimalinitial configuration of the robot is obtained as 0(0) ---_ [ 1.697202 -- 1.570791 -- 0.252815 - 1.570791 iT.
In this simulation the robot is initially at rest.
The results of the simulation are shown in Figures 3_-3d. These results indicate that the WP controller requires much
larger torques than the proposed controller, and exhibits poorer tracXing accuracy. Additionally, the results show that the
maafipulability is very nearly maximum over the entire trajectory. Thus the proposed controller accurately tracks the required
trajectory and successfully increases both the robot's dynamic response and manipuiability measure over the entire trajectory.
6. CONCLUSIONS
This paper presents a Cartesian-space posltion/force control scheme for redundant robots. The proposed control strategy
is to partition the control problem into a nonredundant posltion/force trajectory tracking problem and a redundant mapping
problem between Cartesian control input F and robot actuator torque T. The underdetermJned nature of the F -'_ T map
is exploited to allow the redundancy to be effectively utilized directly in Cartesian-space. Computer simulation results are
given for a four DOF planar redundant robot under the control of the proposed algorithm, and demonstrate that accurate
position/force trajectory tracking and effective utilization of redundancy can be achieved simultaneously with the controller.
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Figure I. Four Link Robot in Horizontal Plane
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